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Basic problem

uf + H (£,u3) =0 for (t,z) € (0,T) xR
u®(0,2) = up(x) for x € R

with
Hr(p) ifz>1
H(z,p) =< H(p) if v <—1
“regular” if x € (—1,1),

Hi, r coercive, continuous, quasiconvex and ug Lipschitz.

"

Giulio Galise - May 31“‘ 2016, Rennes (France) HJ 2016: Hamilton-Jacobi Equations: new trends and applications



Basic problem
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Basic problem

uf + H (£,u3) =0 for (t,z) € (0,T) xR
u®(0,2) = up(x) for x € R

with
Hr(p) ifz>1
H(z,p) =< H(p) if e < -1
“regular” if x € (—1,1),
Hi, r coercive, continuous, quasiconvex and ug Lipschitz.

Question: € — 0 ?777?
More general Hamiltonians (time dependent, ...)

e e’ Yz

uf + H (L, 2,u5) =0 for (t,x) € (0,T) xR
uf(0,2) = ug(x) forz € R

H satisfies the following assumptions...

(CP)

"
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(A0) Continuity: H: R® — R is continuous.
(A1) Time periodicity: for all k € Z and (t,z,p) € R,

H(t—’_k?mvp) = H(t,l‘7p)

(A2) Uniform modulus of continuity in time: there exists a modulus of
continuity w such that for all ¢,s,z,p € R,
H(t,z,p) — H(s,z,p) < w(|t — s| (1 + max (H(s,z,p),0))).
(A3) Uniform coercivity:‘ ‘lim H(t,z,q) = +oo uniformly w.r.t. (¢,z).
q|—-+o0
(A4) Quasi-convexity of H for large z’s: there exists some pg > 0 such that
for all z € R\ (—po, po), there exists a continuous map t +— p°(t, x) such
that
H(t,x,-) is non-increasing in (—oo,p’(t,x)),
H(t,x,-) is non-decreasing in (p°(t,x), +00).
(A5) Left and right Hamiltonians: there exist two Hamiltonians H. (¢, z, p),
a = L, R, such that

H(t,z+k,p) — Hp(t,z,p) >0 as Z>k— —oc0
H(t,z+k,p) — Hr(t,x,p) >0 as Z>k— 4+

uniformly with respect to (¢, z,p) € [0,1]> x R, and for all k,j € Z,
(t,z,p) € R® and a € {L, R},

Ho(t+k, x4+ j,p) = Ha(t,z,p).
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(i)

Examples

H(t,x,p) =
Ho(p) =

Giulio Galise - May 311! 2016, Rennes (France)

Ip| + sin(27t) (1 — |z|) "

Vil a=1L, R
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Examples
(i)
H(t,x,p) = +/|p| + sin(27t) (1 — |x|)
Ha(p) = \/m a = La R

(i)
H(t,z,p) = |p| + sin(27t) + tanh(z) sin(27x)

Hy(t,x,p) = |p| + sin(27t) — sin(27x)
Hpy(t,z,p) = |p| + sin(27t) + sin(27x)
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Examples
(i)
H(t,x,p) = +/|p| + sin(27t) (1 — |x|)
Ho(p)=VIpl a=L R

(if)
H(t,z,p) = |p| + sin(27t) + tanh(z) sin(27x)
Hy(t,x,p) = |p| + sin(27t) — sin(27x)
Hpy(t,z,p) = |p| + sin(27t) + sin(27x)

(iii)
H(l’,t,p) = Hl(p) + f(t,.’E)
with
H, continuous, convex and coercive,

f continuous, f(t+1,2) = f(t,z) and | ‘lim f(t,2) = 0 uniformly
x|—+oo

with respect to t € R. @
Ha(p):Hl(p) a=1L,R.
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Homogenized Hamiltonians

In order to ensure that the effective Hamiltonians H,, Hp are
quasi-convex we need to impose additional assumptions:
(B-i) Quasi-convexity of the left and right Hamiltonians: for each
a = L,R, H, does not depend on time and there exists pQ
(independent on (t,x)) such that

H,(x,-) is non-increasing on (—007173)7
Hy(z,-) is non-decreasing on  (p?, +00).

(B-ii) Convexity of the left and right Hamiltonians: for each o = L, R,
and for all (t,z) € R x R, the map p — H,(t, z,p) is convex.
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The convergence result

THEOREM [G. - Imbert - Monneau, Analysis & PDE (2015)]

Assume (A0)-(A5) and either (B-i) or (B-ii). Assume that the initial
datum wuyg is Lipschitz continuous and for ¢ > 0, let u® be the solution of
(CP). Then u® converges locally uniformly to the unique flux-limited
solution u" of

u) + Hp(ud) =0, t>0,xz<0,
u + Hr(ul) =0, t>0,z >0,
ul + Fq(ul(t,07),ul(¢,07)) =0, t>0,2=0,
u®(0,2) = ug(x) for z € R.

...the slopes of the limit solution at the origin are characterized by the
effective flux limiter A...
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Homogenized Hamiltonians

The homogenized left and right Hamiltonians are classically determined
by the study of some “cell problems”.
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Homogenized Hamiltonians

The homogenized left and right Hamiltonians are classically determined
by the study of some “cell problems”.

PROPOSITION

Assume (AQ)-(A5). Then for every p € R and oo = L, R there exists a
unique A € R such that there exists a bounded (discontinuous) viscosity
solution v® of

v + Hy(t,z,p+08) =X in RxR,
v® is Z2-periodic.

If H,(p) denotes such a ), then the map p — H,(p) is continuous.
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Homogenized Hamiltonians

The homogenized left and right Hamiltonians are classically determined
by the study of some “cell problems”.

PROPOSITION

Assume (AQ)-(A5). Then for every p € R and oo = L, R there exists a
unique A € R such that there exists a bounded (discontinuous) viscosity
solution v® of

v + Hy(t,z,p+08) =X in RxR,
v® is Z2-periodic.
If H,(p) denotes such a ), then the map p — H,(p) is continuous.

REMARK
If H, does not depend on ¢, then it is possible to construct a corrector
which does not depend on time either.
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Further properties of H,

1 - Coercivity: lim H,(p) = +oo

[p|—=+o0
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Further properties of H,

1 - Coercivity: lim H,(p) = +oo

|p| =400

2 - Convexity: p — H,(p) is convex assuming (B-ii)
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Further properties of H,

1 - Coercivity: lim H,(p) = +oo

|p| =400
2 - Convexity: p+— H,(p) is convex assuming (B-ii)
Sketch of the proof. Let v, be solutions of the cell problem

(vp)t + Ho(t,z,p+ (vp)z) = Ha(p) in RxR,
v, is Z2-periodic

and set o
up(t,x) = vp(t, ) + pr —tHa(p) .

Similarly we define
ug(t, ) = vy(t,x) + qv — tHo(q) -

Step 1: u, and u, are locally Lipschitz continuous. @
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We have almost everywhere:

For u € [0, 1], let
= pup + (1 — p)ug.

By convexity, we get almost everywhere

7:Lif + Ha(tax7ﬂx) S 0.

For P = (t,x), we define a mollifier ps(P) = §~2p(6~' P) and set
U5 = u* ps — u locally uniformly as 6 — 0.

Then by convexity, we get with Q = (s, y):

(aé)t + Hoz(Pv (ﬂé)x) < /dQ {Ha(P7 ax(Q)) - Ha(Qaax(Q)}pé(P - Q)
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By stability of viscosity sub-solutions we deduce that
U+ Ho(t,z,u,) <0

in the viscosity sense.
Moreover, for z = pup+ (1 — u)q, if v, isiZQ—periodic solution of the cell
problem and u,(t,z) = v, (t,z) + zo — tH,/(z) then

(uz)t + HOé(t7x7 (uz)m) =0 in Rx R,

and
4(0,2) <wuy(0,2)+C inR,

for C large enough.
Then the comparison principle implies that

tHo(2) <t (uHo(p) + (1= p)Halg) +C

and
Ho(z) < pHao(p) + (1 = p)Ha(q)

for t — +o0.
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Step 2: uy, and ug are continuous.

For v > 0 and z = p, q, the functions

W (t,2) = sup (Ms,@ . <t—>)

seR 2v

are Lipschitz continuous and satisfy the inequality
uy + H(t,z,ul) <o,(1) ae.

where 0, (1) is locally uniform with respect to (¢,x).

"
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Step 2: uy, and ug are continuous.

For v > 0 and z = p, q, the functions
v (t B 5)2
t,z) = 2(8,T) — —(F——
i) = sup (- (5,0 - U5

are Lipschitz continuous and satisfy the inequality
uy + H(t,z,ul) <o,(1) ae.

where 0, (1) is locally uniform with respect to (¢,x).
The convex combination

u” = puy + (1 — p)uy

is a viscosity subsolution of
(@): + Ha(t,, (1),) < 0,(1).

In the limit v — 0, we recover (by stability of subsolutions) that @ is a
viscosity solution of
Uy + Ho(t,2,1,) <0

and we conclude as in Step 1.
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Step 3: general case.

We replace u,, for z = p, q, by @, which is the continuous solution to the
Cauchy problem

{ (12); + Ho(t,x, (1,),) = 0, for (t,2) € (0,4+00) x R
u,(0,z) = zz.

Then
i, —u.| <C

and the convex combination

U= piiy — (1 = p)iz
is a viscosity subsolution, by Step 2, of

ay + H(t,x,u,) = 0.
The comparison principle yields the conclusion

Ho(pp+ (1 —p)g < pHa(p) + (1 — p)Ha(g). O
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Further properties of H,,

2 - Quasiconvexity: p — H,(p) is quasiconvex assuming (B-i)
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Further properties of H,,

2 - Quasiconvexity: p — H,(p) is quasiconvex assuming (B-i)
Sketch of the proof. We first assume that H, satisfies

H, € C?,

D2, H,(x,p%) > 0,

DpHa(xvp) <0 for pe (—OO,pg),

DpHq(x,p) >0  for p € (pa,+00),

H,(z,p) = 400 as |p| = +oo uniformly w.r.t. z € R.

From non-convex to convex H ...

There exists a convex function v € C?(R) s.t. 7' > & > 0 and

2
D,,(yoHy) >0

"
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For A =~ o H,(p) we can construct a time independent corrector of
Yo Hu(z,p+vs) =70 Halp),

showing that o
Hy,=~"tovyo0H,.

Since v o H,, is coercive and convex we deduce that

H,, is quasiconvex.
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For A =~ o H,(p) we can construct a time independent corrector of
yo Ho(z,p+vs) =70 Hal(p),
showing that o
Hy,=~"tovyo0H,.

Since v o H,, is coercive and convex we deduce that

H,, is quasiconvex.

In the general case, for all € > 0, there exists H¢, € C? such that

(D2,HS)(x,p5) >0

‘DPng(:E7p) <0 for p € (_OO,pg),
D,HE(z,p) >0 for pe (p2,+00),
‘Hg — Ha| < €.

Taking into account that H (p) = lim._,0 H,(p) and that H is
quasiconvex, then so is H,.
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Truncated cell problems

Problem: find A\, € R and w such that
we + H(t,z,wy) =Ny, (t,x) € R x (—p,p),
we + H™ (t,x,wy) = A,y (t,2) € R x {—p}, (TCP)
wt+H+(t7wim):>‘Pv (t,IE)ERX{p},
w is 1-periodic w.r.t. t.

e we borrow here an idea from [Achdou and Tchou, CPDE (2016)] by
truncating the domain and by considering correctors in [—p, p] with

p — +00.

"
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Truncated cell problems

Problem: find A\, € R and w such that
we + H(t,z,wy) =Ny, (t,x) € R x (—p,p),
we + H™ (t,x,wy) = A,y (t,2) € R x {—p}, (TCP)
wt+H+(t7wim):>‘Pv (t,I)ERX{p},
w is 1-periodic w.r.t. t.

e we borrow here an idea from [Achdou and Tchou, CPDE (2016)] by
truncating the domain and by considering correctors in [—p, p] with

p — +00.
Proposition - Correctors on truncated domains
There exists a unique A\, € R such that there exists a solution w = w” of
(TCP). Moreover, there exists a constant C' > 0 independent of
p € (po,+0o0) and a function m”: [—p, p] — R such that

|)‘P‘ S Ca
[m? () —m?(y)| < Cle -yl forz,y €[—p,pl,
|wP(t,x) —mP(x)] < C for (t,z) € R x [—p, p].
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Proof.

Perron’s method — discontinuous viscosity solution of

Sw® +wt + H(t,z,wl) =
Sw’ +wd + H™ (L, x
Sw’ +wd + HY (¢, x
w? is 1-periodic w.r.t. t.

(t,.’L‘) €Rx {_p}7
(t,.2) € R x {p},

,wp)
)

satisfying
with C= sup [|H(t,x,0)|.

w’| <
(t,z)ER?

= Q
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Proof.

Perron’s method — discontinuous viscosity solution of

Sw® +wt + H(t,z,wl) =
Sw’ +wd + H™ (L, x
Sw’ +wd + HY (¢, x
w? is 1-periodic w.r.t. t.

(t,.’L‘) €Rx {_p}7
(t,.2) € R x {p},

,wp)
)

satisfying
with C= sup [|H(t,x,0)|.

w' < €
d (t,z)ER?

Then there exists §,, — 0 such that

S (0,0) = =X, asn— +oo

and
Mol < €.
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The function

md () = sup(w®)* (¢, 2)
teR

is a viscosity solution (for some function ¢(x)) of

H(t(x),x,mi) < Cv x € (_,07 p)
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The function

md () = sup(w®)* (¢, 2)
teR

is a viscosity solution (for some function ¢(x)) of

H(t(x),x,mi) < Cv x € (_,07 p)

e Coercivity of H:
mé| <C and w! <C.
m® —m% (0) = m” locally uniformly as n — +o0

im?(z) —m”(y)| < Clz —y|

"
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The function

md () = sup(w®)* (¢, 2)
teR

is a viscosity solution (for some function ¢(x)) of

H(t(x),x,mi) < Cv x € (_,07 p)

e Coercivity of H:
mS| < C and w! <C.
m® —m% (0) = m” locally uniformly as n — +o0

im?(z) —m”(y)| < Clz —y|

o Comparison principle: for allt € R, z € (—p, p) and h > 0,

wo(t 4 h,xz) < w(t,x) + Ch.

"
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The function

md () = sup(w®)* (¢, 2)
teR

is a viscosity solution (for some function ¢(x)) of

H(t(x),x,mi) < Cv x € (_,07 p)

e Coercivity of H:
mS| < C and w! <C.
m® —m% (0) = m” locally uniformly as n — +o0

im?(z) —m”(y)| < Clz —y|

o Comparison principle: for allt € R, z € (—p, p) and h > 0,

wo(t 4 h,xz) < w(t,x) + Ch.

e Time periodicity of w®: for t € R and = € (—p, p),

|wo(t,z) —m®(z)] < C and |w’(t,z) —w’(0,0)| < C.

"
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We then consider

W = limsup *(w’ —w

n—-+oo

and

n—+oo

From the above estimates

|[w —m?| <C and

Giulio Galise - May 311! 2016, Rennes (France)

w = liminf , (W’ — w

(0,0)) < 400

*7(0,0)) < +o0.

|lw—m?| < C.

HJ 2016: Hamilton-Jacobi Equations: new trends and applications



We then consider
@ = limsup *(w’ — w’(0,0)) < 400
n—-+oo

and
w = liminf , (w® — w%(0,0)) < 4oo0.
n—-+oo
From the above estimates

[w—mP|<C and |Jw—m’|<C.

o Discontinuous stability: w — 2C' and w are respectively a subsolution

and a supersolution of (TCP) and
w—2C < w.

"
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We then consider
@ = limsup *(w’ — w’(0,0)) < 400
n—-+oo

and
w = liminf , (w® — w%(0,0)) < 4oo0.
n—-+oo
From the above estimates

[w—mP|<C and |Jw—m’|<C.

o Discontinuous stability: w — 2C' and w are respectively a subsolution

and a supersolution of (TCP) and
w—2C < w.

e Perron’s method: solution of (TCP)

w—20<w’ <w, |[w(tx)—m(z)<C. O
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The effective flux limiter A

t r

€
ut+H s T Ug
g €

(=}

E—r

u?—i—EL(u
>20—> u?—l—HR(u
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The effective flux limiter A

0, t>0,x<0,
07 t>0,9§'>07
- 7u2(t70+)) 207 t>0, z = 0.

x €

t
uf—’—H (77 —H Uz
g €

e—0

u?—i—EL(u
>20—> u) + Hr(u

(
The effective junction function Fj is defined by

Fi(pL,pr) = max(A, H, (pr), Hz(pr))
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The effective flux limiter A

e—0

u?—I—EL(u
>20—> u?—l—HR(u

t
’U,f-f—H (77 E,Ui
g &

(
The effective junction function Fj is defined by

Fi(pL,pr) = max(A, H, (pr), Hz(pr))

Theorem - Definition

e The map p — A, is nondecreasing, bounded and A = 11111 Ap-
p——+o0

"
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The effective flux limiter A

0, t>0,x<0,
07 t>0,l’>0,
- 7u2(t70+)) :0, t > 0, z = 0.

e—0

u?—i—EL(u
>20—> u?—l—HR(u

t
uf—’—H (77 Evui
g &

The effective junction function Fj is defined by

Fi(pL,pr) = max(A, H, (pr), Hz(pr))

Theorem - Definition

e The map p — A, is nondecreasing, bounded and A = hl}l Ap-
p——+o0
e Consider the problem

{ we + H(t,z,wz) =X, (t,z) ER X R, *)

w is 1-periodic w.r.t. t.

The set E = {\ € R : 3w sub-solution of (*)} is nonempty and bounded
from below. Moreover A = inf F
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Construction of global correctors

(i) GENERAL PROPERTIES

There exists a solution w of

we+ H(t,z,w,) = 4, (t,2) ER xR,
w is 1-periodic w.r.t. t.

such that for all (¢,z) € R x R,
lw(t,z) —m(x)| < C
for some globally Lipschitz continuous function m, and

A> QIE%?(R (min Fa) .

"
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Indeed: let w” a corrector of (TCP) which is a solution, in particular, of
wi + H(t,z,wy) =X, in Rx(—p,p)
and consider

w = limsup *(w” — w”(0,0)), w =liminf.(w”—w”(0,0))

p—+00 p—rtoo

- P _ P
and m pgrfoo(m m?(0)).
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Indeed: let w” a corrector of (TCP) which is a solution, in particular, of

wi + H(t,z,wy) =X, in Rx(—p,p)
and consider

w = limsup *(w” — w”(0,0)), w =liminf.(w”—w”(0,0))

p——+oo p—+oo

— 5 P _ P
and m pgrfoo(m m”(0)).

Then
m—-—C<w<w<m+C

and w — 2C and w are respectively sub and supersolution of
wy + H(t,z,w,) =A (t,z) € R xR.

A solution
w—2C<w<w

is obtained by means of Perron’s method.

"
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Construction of global correctors

(i) BOUND FROM BELOW AT INFINITY

If A> maXe=r,R (min ﬁa), then there exists dy > 0 such that for every
0 € (0,0p), there exists ps > po such that w satisfies

w(t,z+h) —w(t,z) > (pr — 6)h — Cs forx > ps, h >0,

w(t,z —h) —w(t,z) > (—pr —d)h — Cs forx < —ps, h >0,
where

ﬁR = miHER . —t — _

) with Eg:= {pER, Hgr(p) = Hr(p) :A}

pr = max Fgr

{ﬁL —max Fr,

. . with Ep := {pER, FL(p):HL(p):A}.
pr = min Fp,
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Construction of global correctors

(iii) RESCALING w

For e > 0, we set
we(t,x) = ew(e 't e ).

Then (along a subsequence &, — 0) w® converges locally uniformly
towards a function W = W (x) which satisfies

W(z) = W(y)| < Clz -yl forall z,y € R,
Hp(W;) = {1 and pr > Wy > pr for z € (0, +00),
H,(W,)=A and pr<W,<pr for x € (—00,0).

In particular, we have W(0) = 0 and

ﬁR$1{z>0} +13L371{z<0} > W(x) 2 prl{z>0} +15L$1{m<0}-

"
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The convergence result

THEOREM [G. - Imbert - Monneau, Analysis & PDE (2015)]

Assume (AO0)-(A5) and either (B-i) or (B-ii). Assume that the initial
datum wuyg is Lipschitz continuous and for € > 0, let u® be the solution of
(CP). Then u® converges locally uniformly to the unique flux-limited
solution u" of

ul + Hp(uld) =0, t>0,x<0,
u + Hr(ul) =0, t>0,z >0,
ul + Fq(ul(t,07),u0(¢,07)) =0, t>0,2=0,
u®(0,2) = ug(x) for z € R.

"
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Proof of convergence

It is sufficient to prove that

u(t, z) = limsup *u® (¢, ),
e—0
u(t,z) = lirgn_jglf*u‘s(t7 x)

are respectively sub and supersolution.

"
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Proof of convergence

It is sufficient to prove that

u(t,x) = limsup *u® (¢, z),
e—0

u(t,z) = lign_jglf*u‘s(t7 x)

are respectively sub and supersolution.

Note that w, u are well defined since
uo(z) — Ct < uf(t,z) < wup(x) + Ct

where C = sup |H(t,z,p)| and Ly is the Lipschitz constant of w.
(t,z) ERXR
[pI<Lo

The initial condition follows immediately.

"
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Proof of convergence
- subsolution case, x = 0

Let ¢ be a test function such that

(@—¢)t,z) < (@-)(E7) =0 Y(t,2) € Br(t,7)\ {({,7)}
We argue by contradiction by assuming that

(6, T) + H (T, 0, (8,T)) =6 > 0,

FR(@%(i, T)) if T> Oa

H (T, (T, f)) =1 Hp(p.(t,7)) if <0,

FA(@w(E,O_),@I(t,O'F)) if £=0.

"
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Proof of convergence
- subsolution case, x = 0

Let ¢ be a test function such that

(@—¢)t,z) < (@-)(E7) =0 Y(t,2) € Br(t,7)\ {({,7)}
We argue by contradiction by assuming that
(6, T) + H (T, 0, (8,T)) =6 > 0,
where
Hp(p:(£,7)) if >0,
H (T, (T, f)) =< Hr(p.(t,7)) if <0,
Fa(ea(t,07),9.(£,07))  if T=0.
We focus our attention to T = 0. In this case the equations reads
e (T,0) + H (0, 2 (,0) = ¢(%,0) + Fa(wa(7,07),¢2(7,07))
= i(Z,0) + max (A, 77 (pa(Z,07)), Hrlp: (,07)) ) @
=60>0.
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Proof of convergence
- subsolution case, x = 0

Key point (Imbert - Monneau '16)
Reduction to a single class of test function

To check the flux-limited junction condition, it is sufficient to consider
very specific test functions:

o(t, ) = ¢(t) + prrliz<oy + PrT1{s50}
where ¢ is a C* function defined in (0, +0c0). Hence

2e(E,0) + Falpu(t,07), 2 (E,09) = ' (B) + Fa (b1, Pr)
= ¢/(0) + max (4,7 (p1), Hr(pr))
=)+ A
=0>0. @
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Proof of convergence
- subsolution case, x = 0

Let us consider a solution w of

we + H(t,z,w,) = A

and recall that

t
w®(t,x) = ew (5, i) — W(x) V-shaped function.

The perturbed test function
o (t, x) = o(t) + w(t, z)

is a viscosity super-solution, for » > 0 small enough, of

t x 0 . _
<P§+H<5757<Pfc>—2 in By(t,0). @
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Proof of convergence
- subsolution case, x = 0

Fix k. > 0 and € > 0 small enough so that
u® + K, <¢° on 9B,(t,0).
By comparison principle
u® + K <¢° on B.(t0)
and passing to the limit as (g,t,2) — (0,%,0) we get the following

contradiction
u(t,0) + K, < @(t,0) =u(¢,0). O

REMARK
For the supersolution property we take

o(t,x) = ¢(t) + pralizcoy + Preliz=0- @
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Application to traffic light

How the fraffic flow on an ideal (infinite, straight) road is modified by the
presence of a finite number of traffic lights?
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Application to traffic light

How the fraffic flow on an ideal (infinite, straight) road is modified by the
presence of a finite number of traffic lights?

For N, K > 1 let:

—00 =bg <b; <by <---<by <bny41 = -+00 junction points;
O=70<71 < <7Tg <1="Tg41 times;

oy =bg41 — by fora=0,...,N.
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Application to traffic light

How the fraffic flow on an ideal (infinite, straight) road is modified by the
presence of a finite number of traffic lights?

For N, K > 1 let:

—00 =bg <b; <by <---<by <bny41 = -+00 junction points;
O=mo<mm <" <TK<1=TK+1 times;

oy =bg41 — by fora=0,...,N.

(C1) The Hamiltonian is given by

H.(p) if bo < T < bag1

Ht,2,p) = {maX(H:1<p—>,Ha(p+>,aa<t)) if 2 =baya £0.

(C2) The Hamiltonians H,, fora= 0,...,N, are continuous, coercive and
quasi-convex.

(C3) The flux limiters aq, for a =1,...,N and i =0,..., K, satisfy
ao(s+1) =an(s) with an(s)=AL forall se[r, 1) @

with (A%)=% K, satisfying A%, > maxs_q—1,a (min Hp) .

a=1,...,
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THEOREM [G. - Imbert - Monneau, Analysis & PDE (2015)]
Assume (C1)-(C3). Let u® be the solution of

u§+H(§,§,u§):0 for (t,z) € (0,T) xR
u®(0,2) = uo(x) for x € R.

Then: ~

i) Homogenization: There exists some A € R such that u® converges locally

uniformly as € tends to zero towards the unique viscosity solution u° of

ud + Hp(ud) =0, t>0,z<0,
ud + Hr(ud) =0, t>0,z>0,
ud + Fz(ul(t,07),u(t,07)) =0, t>0,z=0,
u°(0, ) = uo(x) for x € R.

with
Hyp:=H,, Hpg:=Hn.

"

Giulio Galise - May 31“‘ 2016, Rennes (France) HJ 2016: Hamilton-Jacobi Equations: new trends and applications



Application to traffic light

i) Qualitative properties of A: Fora=1,...,N, {a) denotes fol aq(s) ds.
The effective limiter A satisfies the following properties.

For all o, A is non-increasing w.r.t. 4.

For N =1, ~
A= (1)
For N > 1, -
A> max (aa)
For N > 2, there exists a critical distance dy > 0 such that

A= max (aa) if minfy > do;
a=1,...,N «@

ceey

Ha.

We have
A— (@ as (l1,...,4n-1) — (0,...,0)

where @(7) = maxa=1,...,n a@a (7).

"
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Thank you for your
attention

"
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For a function ~ such that
v is convex, € C?*R) and 4 >d; >0

we have
2
D,,(yo Hy) >0

if and only if

D2 H,(z,p)

(YN > =5 w2

for p=ni(x,\) and > Hg(z,p?)

where 7= (, \) are the partial inverse functions of H,:

H,(z,m(x,\)) =X suchthat +72(z,)\)>0.

"
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Construction of global correctors

(i) BOUND FROM BELOW AT INFINITY

If A> maXe=r,R (min ﬁa), then there exists dy > 0 such that for every
0 € (0,0p), there exists ps > po such that w satisfies

w(t,z+h) —w(t,z) > (pr — 6)h — Cs forx > ps, h >0,

w(t,z —h) —w(t,z) > (—pr —d)h — Cs forx < —ps, h >0,
where

ﬁR = miHER . —t — _

) with Eg:= {pER, Hgr(p) = Hr(p) :A}

pr = max Fgr

{ﬁL —max Fr,

. . with Ep := {pER, FL(p):HL(p):A}.
pr = min Fp,

Giulio Galise - May 31“‘ 2016, Rennes (France) HJ 2016: Hamilton-Jacobi Equations: new trends and applications



We first control the slopes of correctors on truncated domains
wf(t,x + h) —wP(t,x) > (pr — 6)h — Cs

and then p — +o0.

Giulio Galise - May 31“‘ 2016, Rennes (France) HJ 2016: Hamilton-Jacobi Equations: new trends and applications



We first control the slopes of correctors on truncated domains
wf(t,x + h) —wP(t,x) > (pr — 6)h — Cs

and then p — +o0.
Let § > 0, then

|H(t,z,p) — Hr(t,z,p)| <0 for x> p;s.

Since the map the map p — H,(p) is continuous and coercive, we can
pick p5R such that

Hr(py) = Hi(ph) = A, — 26

for p > pg and & < dg, by choosing pg large enough and §y small enough.
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We first control the slopes of correctors on truncated domains
wf(t,x + h) —wP(t,x) > (pr — 6)h — Cs

and then p — +o0.
Let § > 0, then

|H(t,z,p) — Hr(t,z,p)| <0 for x> p;s.

Since the map the map p — H,(p) is continuous and coercive, we can
pick p‘sR such that

Hr(py) = Hi(ph) = A, — 26

for p > pg and & < dg, by choosing pg large enough and §y small enough.
We now fix p > ps and xq € [ps, p]. Take a Z>-periodic corrector vg of

(UR)t + HR(ta xap‘ls% + ('UR)w) = FR(p(IS%)a (ta $) ERXR

so that wr = p%a + vg(t, x) solves

(wr)t + Hr(t,z, (WR)z) = A, — 26, (t,z) e R xR.
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The restriction of wg to [ps, p] satisfies

{ (wr)t + Hr(t,z, (WR)z) <Ay —25  for (t,z) € R x (ps, p),
(wr): + Hp (t,x, (wr)s) <A, — 28 for (t,2) € R x {p}.

and

{ (wR)t + H(t’ma (wR)l) < )‘p -0 for (t’x) €Rx (péap)v
(wr)t + H (t,z, (wRr)z) <A, — 6 for (t,z) € R x {p}.

"
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The restriction of wg to [ps, p] satisfies

{ (wr)t + Hr(t,z, (WR)z) <Ay —25  for (t,z) € R x (ps, p),
(wr): + Hp (t,x, (wr)s) <A, — 28 for (t,2) € R x {p}.

and

{ (wR)t + H(t’ma (wR)l) < )‘p -0 for (t’x) €Rx (p67P)7
(wr)t + H (t,z, (wRr)z) <A, — 6 for (t,z) € R x {p}.

Now we remark that
v=w’—w’(0,20) and u=wg—wgr(0,20)—2C — 2||vr|

satisfies
v(t,xg) > —2C > u(t, xo).

"
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The restriction of wg to [ps, p] satisfies

{ (wr)t + Hr(t,z, (WR)z) <Ay —25  for (t,z) € R x (ps, p),
(wr)e + Hy (t, x, (wR)s) <A\, — 25 for (t,2) € R x {p}.

and

{ (wR)t + H(t,ﬂ?, (wR)l) < )‘p -0 for (t’x) €Rx (P&,P),
(wr)t + H (t,z, (wRr)z) <A, — 6 for (t,z) € R x {p}.

Now we remark that
v=w’—w’(0,20) and u=wg—wgr(0,20)—2C — 2||vr|

satisfies
v(t,xg) > —2C > u(t, xo).

Using a comparison principle for mixed boundary value problem we thus
get for = € [zg, p),

wP(t, ) — wP(t, zo) > p‘gR(x —x9) —Cs > (pr — 6)h — Cs

where Cjs is a large constant which does not depend on p.
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Construction of global correctors

(iii) RESCALING w

For e > 0, we set
we(t,x) = ew(e 't e ).

Then (along a subsequence &, — 0) w® converges locally uniformly
towards a function W = W (x) which satisfies

W(z) = W(y)| < Clz -yl forall z,y € R,
Hp(W;) = {1 and pr > Wy > pr for z € (0, +00),
H,(W,)=A and pr<W,<pr for x € (—00,0).

In particular, we have W(0) = 0 and

ﬁR$1{z>0} +13L371{z<0} > W(x) 2 prl{z>0} +15L$1{m<0}-
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ey =en(£2) e (2 <o (82) -m ()

O(e)
By diagonal argument can find a sequence &, — 0 such that

w (t, ) — Wi(x) locally uniformly as n — +o0,
with W(0) = 0.

"
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ey =en(£2) e (2 <o (82) -m ()

O(e)
By diagonal argument can find a sequence &, — 0 such that

w (t,x) = W(zx) locally uniformly as n — +o0,

with W (0) = 0.
Moreover W satisfies

Hr(W,)=A forz >0,

Hp(W,)=A forz <0.
We deduce from bounds (ii) that in the case where A > min Hg, for all
0>0andz >0

Wy > Dr — d
and then
Pr < Wy < pr. (**)

In the case A = min Hg, condition (**) is trivial.
Similarly, we can prove for z < 0 that

ﬁL S Wz SpL
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